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Abstract

Considering here is an inverse problem for estimating the unknown nonhomogeneous heat conductivity function o(x) in
T,(x,t) = 0(a(x)T,)/0x + h(x, ) with the aid of an extra measurement of temperatures at a final time, which may be disturbed by random
noise. A Lie-group shooting method (LGSM) is developed from the one-step Lie-group elements obtained by a spatial-discretization of
heat conduction equation and by using the central difference or forward difference for «'(x) in spatial domain. The heat conductivities are
available by directly solving linear equations. The new methods have twofold advantages in that no a priori information of heat con-
ductivity is required and no iterations in the calculation process are needed. The accuracy and robustness of present methods are con-
firmed by comparing estimated results with exact solutions. The LGSM is stable and accurate, although the estimations are carried out

under a large measurement noise.
© 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

Present study aims to estimate as accurately as possible
the nonhomogeneous heat conductivity parameter by solv-
ing an inverse heat conduction problem under an overspec-
ified final time temperature, which can be acquired through
measurements by thermocouples in a heat conducting rod.
This identification problem can find wide range applica-
tions in engineering and science. For new materials, it is
often easier to measure the temperatures at some points
in the medium at a certain time, rather than that to directly
measure the thermophysical parameters themselves. Due to
its importance on the knowledge of thermophysical proper-
ties for new materials used in many thermal system analy-
ses, this inverse problem has already attracted much
attentions.
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The parameters determination in partial differential
equations (PDEs) from overspecified data are widely
encountered in the modeling of physical phenomena. We
consider an inverse problem of finding an unknown param-
eter o(x) in a one-dimensional heat conduction equation, of
which one needs to find the temperature distribution 7'(x, ¢)
as well as the heat conductivity function «(x) that simulta-
neously satisfy

oT(x.1) _ 0 [u(x) %} + hix,0)

o o

O0<x</{, 0<t<ty, (1)
T(0,¢) = Fo(1), T(4,t) = Fy(2), (2)
T(x,0) = f(x), (3)

where A(x, ) is a heat generating function, and F(¢), F,(t)
and f'(x) are respectively the given functions of left-bound-
ary temperature, right-boundary temperature and initial
temperature.
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Nomenclature

A augmented matrix

a,b coefficients defined in Egs. (28), (31) and (37)
a; coefficient defined in Eq. (56)

b; coefficient defined in Eq. (57)

¢ coefficient defined in Eq. (58)

B matrix defined by Eq. (59)
C integration constant

c vector defined by Eq. (59)
d vector defined in Eq. (63)
D matrix defined in Eq. (62)

e; normally distributed random error
f n-dimensional vector field

f =1(1,T)

7 the ith component of f

f(x) initial temperature function
Fo(t) left-boundary function
F(¢)  right-boundary function

F,(x) temperature function at final time #
Fo =1/

g (n + 1)-dimensional Minkowski metric
G an element of Lorentz group

G;,, i=1,...,K elements of Lorentz group
G(r)  an element of Lorentz group

G(t;) an element of Lorentz group

Gy the 00-th component of G

h(x,t) heat generating function

hi(t) = h(x;,0)

}Al,' = h,(?)

I, n-dimensional unit matrix

¢ length of rod

o]l Euclidean norm

M (n 4 1)-dimensional Minkowski space
n number of interior grid points

r weighting factor

S = || T — T

SO,(n,1) (n+ 1)-dimensional Lorentz group
so(n,1) the Lie algebra of SO,(n, 1)

t time

tr final time

1 =t/2

[ = (1 — }")tf

At time stepsize

T temperature

T temperature vector of T;

T initial temperature vector

If temperature vector at final time ¢

T = rTO—l—(l —r)Tf

Zi(t) = T(xi,t) =R

T; the ith component of T

X space variable

X; discretized coordinate of x

Ax mesh size of x

X (n + 1)-dimensional augmented vector
X, numerical value of X at the kth time step
X0 the value of X at initial time

X' the value of X at final time ¢

z 1= exp(S/n)

Greek symbols

o(x)  spatial-dependent heat conductivity

o = O((X,‘)

vector form of o;

coefficient defined in Eq. (34)

intersection angle of T — T® and T°
standard deviation of measurement errors

Q = R

Subscripts and superscripts

i index
K index
t transpose

Because the above problem has an unknown function
a(x), it cannot be solved directly to find 7'(x, ¢). This point
is drastically different from the direct problem, where «(x)
is given, and the solution of T'(x,¢) is available by using
general numerical methods. Here, ¢ is a length of the heat
conducting rod, and ¢ is a terminal time, at which an over-
specified final temperature

T(x,tr) = Fi(x) (4)

is required, in order to have enough information to esti-
mate the unknown function a(x).

We will develop a new Lie-group shooting method
(LGSM) for the inverse problem of parameter identifica-
tion governed by Egs. (1)—(4), which is for a possible appli-
cation in heat conduction engineering by considering
nonhomogeneous materials. The inverse problems are
those in which one would like to determine the causes for

an observed effect. The inverse problems are usually ill-
posed. For the present inverse problem the observed effect
is the temperature measurements in the rod at a final time.
We are interesting to search the unknown coefficient o(x) in
Eq. (1), which causes the effect we observe through mea-
surement of temperature. For this inverse problem the
measurement error may lead to a large discrepancy from
the true cause.

In order to overcome this problem, there have been
many studies, for example, Yeung and Lam [1], Keung
and Zou [2], Lin et al. [3], Chang and Chang [4], Engl
and Zou [5], Ben-yu and Zou [6], Jia and Wang [7], and ref-
erences therein. Most of the studies applied the least
squares method to estimate the heat conductivity in inverse
heat conduction problems. Usually, the function form of
the unknown heat conductivity is assumed, and the inverse
problem is solved through an iteration process.
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Ito and Kunisch [8,9] have proposed a very stable and
efficient Lagrangian method for the identification of o(x)
under a steady-state condition and with a smooth assump-
tion on a(x). Then, Chen and Zou [10] extended that
method to a non-smooth case in the steady-state elliptic
system. Lam and Yeung [11] have employed a first-order
finite difference method to determine the heat conductivity
in a one-dimensional heat conduction equation. Yeung and
Lam [1] extended that result by using a second-order finite
difference technique. Chang and Chang [4] derived linear
equations by using a finite volume method to determine
the unknown heat conductivity without needing of itera-
tions. For the problem governed by Egs. (1)—(4), Liu
et al. [12] have developed a highly accurate Lie-group esti-
mation method, but required to know the boundary values
of o a priori, and the measuring time # should be close to
the initial time.

In practical applications we may encounter the inverse
problem for composite materials or highly heterogeneous
materials with a requirement to estimate discontinuous
and periodically-oscillatory thermophysical parameters in
a transient state. For this inverse problem, it is still a great
challenge due to the lack of an efficient, accurate and stable
method.

Present approach is based on the numerical method of
line, which transforms PDEs into a system of ordinary dif-
ferential equations (ODEs). Recently, Liu [13-15] has
extended the group preserving scheme (GPS) developed
previously by Liu [16] for ODEs to solve the boundary
value problems (BVPs), and the numerical results reveal
that the GPS is a rather promising method to effectively
calculate the two-point BVPs. In the construction of the
Lie group method for the calculations of BVPs, Liu [13]
has introduced the idea of one-step GPS by utilizing the
closure property of Lie group, and hence, the new shooting
method has been named the Lie-group shooting method
(LGSM).

On the other hand, in order to effectively solve the back-
ward in time problems of parabolic PDEs, a past cone
structure and a backward group preserving scheme have
been successfully developed by the author, such that the
one-step Lie-group numerical methods have been used to
solve the backward in time Burgers equation by Liu [17],
and the backward in time heat conduction equation by
Liu et al. [18].

Liu [19-21] has used the concept of one-step GPS to
develop numerical estimation methods for unknown tem-
perature-dependent heat conductivity and heat capacity
of a one-dimensional heat conduction equation. The Lie-
group method possesses a great advantage than other
numerical methods due to its group structure, and it is a
powerful technique to solve the inverse problems of param-
eters identification.

The Lie-group method is originally used for the BVPs as
designed by Liu [13-15] for direct problems. However,
these methods are restricted only for two-dimensional
ODEs, and here we will extend them to the multi-dimen-

sional inverse problem. In a series of papers by the author
and his coworkers, the Lie-group method reveals its excel-
lent behavior on the numerical solutions of different type
problems, for example, Chang et al. [22] to calculate the
sideways heat conduction problem, Chang et al. [23] to
treat the boundary layer equation in fluid mechanics, and
Liu [24], Liu et al. [18], and Chang et al. [25,26] to treat
the backward heat conduction equation, and Liu et al.
[27] to treat the Burgers equation.

It should be stressed that the one-step Lie-group prop-
erty is usually not shared by other numerical methods,
because those methods do not belong to the Lie-group
schemes. This important property as first pointed out by
Liu [17] was employed to solve the backward in time Bur-
gers equation. After that, Liu [19] has used this concept to
establish a one-step estimation method to estimate the tem-
perature-dependent heat conductivity, and then extended
the Lie-group method to estimate the thermophysical prop-
erties of heat conductivity and heat capacity [12,20,21].

2. The numerical procedures

Eq. (1) can be written as

oT(x,t) . 0T(x,1) 0*T(x,1)

T— OC(X)T‘FOC(X)T—FI’!(X, l), (5)
where o/(x) is the derivative of «(x) with respect to x. We
adopt the numerical method of line to discretize the above
derivatives with respect to x by

0T (x, 1) _ Tia()) = Tia (1)

x| 2Ax ’ ©)
0*T(x,1) T (t) = 2T3(t) + T (1) )
o[ (Ax)* ’

where Ax =/¢/(n+ 1) is a uniform spatial increment with
the number 7 of interior grid points, and x; = iAx are the
discretized coordinates of x, at which the temperature is
discretized as 7,(¢) = T(x;,¢). Here, xp =0 and x,,; = ¢. A
similar finite difference can be used for o'(x).

In doing so, we can obtain a system of ODEs for 7" with
t as an independent variable:

1 = 2t T 2 Ll
Yo Tia(t) — ?Z;()? + T (1) +h(t), i=1,...,n,
(8)

where h;(t) = h(x;,t) and o; = o(x;) are, respectively, the
discretized quantities of A(x, ) and «(x) at the nodal point
X;.

When i = 1, the term T, (¢) appeared in Eq. (8) is deter-
mined by the first boundary condition in Eq. (2). Similarly,
when i = n, the term T,,,(¢) is determined by the second
boundary condition in Eq. (2). Those are, To(¢) = Fy(t)
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and 7,,,(¢) = F(¢). On the other hand, the terms o, and
o,,1 are supposed to be measurable on boundaries.
The known initial condition is given by

T.0) = f(x), i=1,....n, 9)

which is obtained from Eq. (3) by a discretization. In sum-
mary, we have totally n ODEs in Eq. (8) to solve the 2n un-
knowns T;(¢) and o;, i = 1,...,n with the aid of an extra n
known values of

Ti(tr) =F,(x), i=1,...,n (10)

The Lie-group shooting method as first developed by Liu
[13] will be extended and applied to Eq. (8). After giving
a necessary mathematical background of the LGSM in
next section, we will derive linear equations in Section 4
to determine the unknown coefficients o;, i =1,...,n.

3. Mathematical backgrounds

In order to explore our new method in a self-content
fashion, let us first briefly sketch the group-preserving
scheme (GPS) for ODEs and the one-step GPS in this
section.

3.1. The GPS

Let us write Eq. (8) in a vector form:

T=1(1,T), (11)
where

Th(1)
T:= : ,

T,(1)

[ s B ]
58 I o B

fi= : (12)

Btor Tolud g, 77”72&;;2””’2 + By

U1 =01 Tni1=Tn—1 Tywi1=2Tn+Tyy
2Ax 2Ax =+ oy (Ax)? + hn

T represents a vector form of the discretized temperatures
at interior grid points, and the components of f represent
the right-hand sides of Eq. (8). The dependence of f on ¢
is due to the dependence of boundary condition (2) as well
as the source functions 4; on ¢.

When both the vector T and its magnitude
|T|| := VI'T = VT-T are combined into a single aug-
mented vector

X {HH’ )

Liu [16] has transformed Eq. (11) into an augmented differ-
ential equations system:

X = AX, (14)
where
0 [Tl (15)
1(2,T)
[T 0

is an element of the Lie algebra so(n, 1) satisfying

A'g +gA =0, (16)
and

In 0n><1
= 17
8 [om —1} an

is a Minkowski metric. Here, I, is the identity matrix, and
the superscript t stands for the transpose.

The augmented variable X can be viewed as a point in
the Minkowski space M"*!, satisfying the cone condition:

X'gX=T-T—|T|*=0. (18)
Then, Liu [16] developed a group preserving scheme (GPS)
to guarantee that each X; locates on the cone:

Xir1 = G(h)Xy, (19)

where X, denotes the numerical value of X at the discrete
time #, and G(k) € SO,(n, 1) satisfies

G'gG =g, (20)
detG =1, (21)
G >0, (22)

where G is the 00-th component of G.
3.2. One-step GPS

Throughout this paper we use the superscripted symbols
T° to denote the value of T at 7 = 0, and T' the value of T
at t = t.

Applying scheme (19) on Eq. (14) with a specified initial
condition X(0) = X’ we can compute the solution X(¢) by
the GPS. Assuming that the time stepsize used in the
GPS is At = /K, and starting from an augmented initial
condition X’ = ((T°)",||IT°|)' #0, we will calculate
X" = (TH", |T))" at a final time ¢ = ¢.

By applying Eq. (19) step-by-step we can obtain

X" = Gy (A1) --- G (A)X", (23)

However, let us recall that each G;, i =1,...,K, is an cle-
ment of the Lie group SO,(n, 1), and by the closure prop-
erty of Lie group, Gg(Atr)--- G (A¢) is also a Lie group
denoted by G. Hence, from Eq. (23) it follows that

X" = GX". (24)

This is a one-step Lie-group transformation from X’ to X'.

The remaining problem is how to calculate G. While an
exact solution of G is impossible, we can calculate an
appropriate G through a numerical method by a general-
ized mid-point rule, which is obtained from an exponential
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mapping of A by taking the values of the argument vari-
ables of A at a generalized mid-point. The Lie group gen-
erated from A € so(n, 1) by an exponential mapping is

I, + D ot
G — [ HAfH ] ’ (25>
L a
[I£1l
where
T =T+ (1 - 1T, (26)
f=1£(T1), (27)

f f
a = cosh (tfl—”) b =sinh (M) (28)
IT]| Il

Here, we use the initial T® and the final T' through a suit-
able weighting factor r to calculate G, where r € [0,1] is a
parameter to be determined and 7= (1 —r)#. To stress
its dependence on r we denote this G by G(r).

3.3. A universal one-step GPS

Let us define a new vector

= L, (29)
1Tl
such that Egs. (25) and (28) can be also expressed as
I, + =LFF" 2F
G— \[\;Il\ IFI] ’ (30)
m a
a = cosh(¢||F||), & = sinh(z]|F])). (31)
From Egs. (13), (24) and (31) it follows that
T' =T’ + yF, (32)
F-T°
T} = @l T + b= (33)
[
where
— DF - T + || T°|||F
_ (e DT 4 T | a4
[F
Eq. (32) is written as
1
Fo (T-T), (35)

which being substituted into Eq. (33) and dividing both the
sides by || T°||, we obtain
"] (T'-T°) - T
o = ¢ 070
T T =TT

(36)

After inserting Eq. (35) for F into Eq. (31), @ and b are now
written as

f _ 70 f _ 70
a = cosh <tf”TT|>, b = sinh (tf”TnT”> (37)
n

Let

(T' = 1% - T°
[T — T T°||°
S =] T =T, (39)

cos ) := (38)

where 0 < 0 < n is the intersection angle between vectors
T' — T and T°, and thus from Eq. (36) and (37) it follows
that

T N (S

H 0” = cosh (> + cos 0sinh <> (40)

Tl n n

Upon defining
S

Z :=exp (—), (41)
n

from Eq. (40) we obtain a quadratic equation for Z:

2T

(1+cos 0)Z*

Z+1—-cos0=0. (42)
|

Because the following condition is satisfied:

2
||Tf||> >
—1+cos” 0 = 0, (43)
<|T°||
the solutions of Z are found to be
£ +1
Z= (|T0||> if cosO = +£1, (44)
[T
f 2
%i\/(%> — 1+ cos20
7 = if 0 < £cosl < 1. (45)
1+ cos@
From Egs. (41) and (39) it follows that
TN =T
= nz (46)

Therefore, we come to an important result that between
any two points (T, ||T°||) and (T, ||T'||) on the cone, there
exists a Lie-group element G(¢#) € SO,(n,1) mapping
(T°,||T°) onto (T, ||T'||), which is given by

Tf TO
[ann - G(”)l

T
where G(t;) is uniquely determined by T° and T' through
the following equations:

: (47)

I, + <LFF* 2LE
T [
Gr)=| ] , (48)
W a
a = cosh(#||F||), b = sinh(¢]||F|)), (49)
1 nz T -T1°
F = — Tf — TO - . 50
A A 0

In view of Egs. (44), (45) and (38), it can be seen that G is
fully determined by T° and T, and is independent on the
vector field f in Eq. (11).

Notice that the above G is different from the one in Eq.
(25). In order to stress its property as a Lie-group mapping
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between the quantities spanned a whole time interval [0, #]
we write it to be G(¢r). Conversely, G(r) is a function of r.
However, these two Lie group elements G(r) and G(¢) are
both indispensable in our development of the Lie-group
shooting method in the next section for the inverse problem
of parameter identification.

The two Lie-groups G(r) and G(¢#) are constructed by
different manners. When the former is obtained by using
the generalized mid-point rule, the latter is a universal
mapping between (T, ||T°||) and (T',||T"||) independent
on the vector field f, which means that such a mapping is
applicable to all ODEs systems. It is interesting that by let-
ting G(r) = G(¢;) we can derive the required governing
equation below. From this point of view we may call our
method the Lie-group shooting method (LGSM).

4. The Lie-group shooting method
4.1. G(r) = G(t;)

Letting G(r) = G(¢) is essentially identical to letting the
two F’s in Egs. (29) and (50) be equal, which leads to

T =7+ L f, (51)
1T

where

IT]| = 17T + (1 = ~)T. (52)

Up to here we have constructed a Lie-group shooting Eq.

(51), which is a universal algebraic equation applicable to

any vector field f, and we may call it a natural field equa-

tion. This equation involves four quantities of T°, T', f

and r, the last of which is a single parameter uniquely deter-

mined by matching the target Eq. (4), i.e., T(x,#) = F,(x).
For the later use we write f explicitly,

r w—oug To—To T,=271+T 7
A oA Tt

- 73T T3-2T5+T 7
e T e Ry e

p—_>
I
—~
(9,
W
=

Oy =0y 2 Tn*Tn—Z_’_a lfn72T71—1+fn—2+il .
n— 2 n—

2Ax 2Ax (Ax)
it =0t Tnp1 =T Ty =270+ T 7
2Ax A T O (A’ + hy ]

where 7, =T+ (1 = )" = rf(x;) + (1 = P)F,(x)), hi =
h[(i), = l, R (N and T() = F()(i) and Tn+1 = F/(?)

We should stress that f is an unknown vector due to the
appearance of the unknown coefficients o;, but the vectors
T° and T' are known, given by

f(xl) Fm(-xl)
™=\ : |, T=| : [ (54)
S (xn) Fo(x,)

Although f is unknown we can evaluate it as follows. By
using Eq. (51) we can solve f by

LT

i Il (T' — 1. (55)
n

Because T°, T' and # calculated by Eq. (46) are all avail-

able, for a specified r, we can use Eq. (55) to calculate f,

and then by Eq. (53) we can calculate o; as follows. Let

Ty — T
woTm =Ty (56)
4(Ax)
i:T'H,l_2T[2"'_Ti—l7 l—l,.--7n7 (57)
(Ax)
c[:j‘i_ilh i:l,...,l’l, (58)

where /} ; denotes the ith component of f, and from Eq. (53)
we can obtain a linear equations system for o;:

[ by a0 0 e 0
—ay by a 0 e 0 o
0o ...
0 0 00 —a, by an Oy
L 0 - 0 0 —a, b, |
[ er+arog |
(&)
= (59)
Cn—1
L Cn — QnOlny |
We denote the above equation by
Ba = c, (60)
and consider the normal equation:
Da =d, (61)
where
D := B'B, (62)
d :=B'c. (63)

Then, the conjugate gradient method is used to solve Eq.
(61) to obtain o, i =1,...,n.

4.2. How to choose r

Now we come to an important problem that how to
choose r? In the paper by Liu et al. [12], they simply use
r =1 and show that the numerical solutions of o can be
very accurate when ¢ is rather small. The method used
there is named the Lie-group estimation method (LGEM),
which is a special case of the present method by using
r = 1. When ¢; increases, the LGEM may reduce its accu-
racy because » = 1 may be not the best one.

Then we turn our attention to the choice of r, and use
numerical examples to demonstrate this idea. Under the
known initial condition of T and the coefficients &, solved
from Eq. (61), we can return to Eq. (8) and integrate it to
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obtain T(¢#). The above process can be done for all r in the
interval of » € [0, 1]. Among these solutions we can pick up
the best r by searching the smallest error of

min \/[[T(#) - T, (64)
rel0,1]
such that the final time condition specified by Eq. (4) can
be fulfilled as best as possible.

When the process terminates, inserting the best » and f’ ;
into Eq. (61) we can estimate the nonhomogeneous coeffi-
cient a(x).

5. Numerical tests
5.1. Example 1

Let us use the following example to demonstrate the
above process. This example is given by

o(x) = (x = 3)%, (65)
h(x,t) = =T(x — 3)%e™. (66)
Under the boundary conditions

T(0,t) =9e™", T(l,t) =4e™, (67)
and the initial condition

T(x,0) = (x — 3)7, (68)
the exact solution is given by

T(x,0) = (x —3)% ™" (69)

In this identification of o(x) we have fixed Ax = 1/40 and
tr = 0.01 and 0.1. Applying the LGSM by choosing the
best r, the solutions of ¢; are almost equal to the exact ones
with the maximum relative errors 1.0405625 x 10~"* when
tr =0.1 and 1.7781618 x 10~ when # = 0.01 as shown
in Fig. la by the solid lines. The above maximum relative
errors are much smaller than the one 0.0025 obtained by
Yeung and Lam [1], and are also better than the ones pre-
sented by Liu et al. [12] with two orders. The L,-norm er-
rors are also plotted in Fig. la by the dashed lines.
Overall, larger ¢ reduces the accuracy. The above results
suggest us to use » = 0 instead of » = 1. Even under a large
tr = 1, the present LGSM is also workable, where the abso-
lute error between exact solution and numerical solution is
plotted in Fig. 1b. The accuracy is very high up to the order
of 107",

We have carried out numerical estimations to assess the
accuracy of the proposed inverse method without consider-
ing noise. When the measurement of temperature data is
contaminated by noise, we can simulate the noisy temper-
ature data, F,(x;), i=1,...,n by adding random errors
on exact temperatures F,(x;), i=1,...,n by

i=1,...,n, (70)

Fm(xi) = Fm(xi) + age;,

where o is the standard deviation of measurement errors,
assumed to be the same for all measurements, and e; is a

1E+ 2
e ————
(7] + N,
T t=0.1
5 155 Jt=0.01
9O gz e
© 1E-5 ———- Lyerror
£ i
2 3 ) )

o 1E4 Maximum relative error)
E 1E-9
S 1E-10
Z 1E-11
1E-12
T 71 T T T 1 ]
0.0 0.2 0.4 0.6 0.8 1.0
r
b1E-12
.
]
=
(0]
[0]
5 1E-13
[e]
[%2]
Q
<
1E-14
\ T I T I T I T I T |
0.0 0.2 0.4 0.6 0.8 1.0
X
(o] 37
=
] -
=
(0]
.
ko J
[
It
€ —
5 1
E
= 4
@®©
= _
0 L L
0.0 0.2 0.4 0.6 0.8 1.0

r

Fig. 1. For example 1: (a) comparing numerical errors with different final
times with respect to r, (b) plotting absolute error, and (c) plotting
maximum relative error with respect to r.

normally distributed random error. For normally distrib-
uted error, there is a 99% probability of the value of ¢; lying
in the range —2.576 < e; < 2.576. The readers may refer
Liu [21], where how to generate the normally distributed
error was given.

In Fig. 1c the maximum relative error is plotted with
respect to r under the same ¢ = 0.01. When » = 0 the max-
imum relative error is 0.021 and when » = 1 the maximum
relative error is 0.017.

5.2. Example 2

Let us consider a one-dimensional heat conduction
problem with

a(x) = 1 4 0.25¢ 40", (71)
h(x, 1) = (x = 0.6)*(1 —f)e " — {24[0.5

—4(x — 0.3)(x — 0.6)]e 40" e (72)
Under the boundary conditions
7(0,7) = 0.36te™", T(1,1) =0.16re", (73)

and the initial condition
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T(x,0.19) = 0.19¢ '°(x — 0.6)*, (74)
the exact solution is given by
T(x,0) = (x — 0.6)re". (75)

The one-dimensional domain [0, 1] is discretized by n + 2
points including two end points, at which the two bound-
ary conditions T((¢) = 0.36/¢" and T,.1(¢) = 0.167e™" are
imposed on the totally n differential equations obtained
from Eq. (8). In this identification of «(x) we have fixed
Ax = 1/40, i.e., n =39, and # = 0.2. Applying the LGSM,
the numerical solutions of «; by using » =1 are almost
equal to the exact ones with the maximum relative error
4.3 x 107" as shown in Fig. 2. The above maximum rela-
tive error is much smaller than the one 0.0004 obtained
by Yeung and Lam [1].

In order to discuss the effect of mesh size on the accu-
racy of the calculated heat conductivity, the spatial domain
0 < x < 1 is divided into 10, 20, and 40 subintervals for the
above two demonstrated examples. The maximum relative
errors of the calculated results are shown in Table 1 for

1.25 —

Q

1.20 —

1.15 — ~@ LGSV

Exact

1.10 —

Heat conductivity

1.05 —

W77 T 7 T 1 T ]
0.0 0.2 0.4 0.6 0.8 1.0

5E-11 —

(o2

4E-11
3E-11 —|
2E-11
1E-11 —|

0E+0 | /\/\*/\

0.0 0.2 0.4 0.6 0.8 1.0

Relative error
1

Fig. 2. For example 2: (a) comparing exact and LGSM numerical result of
heat conductivity, and (b) plotting relative error.
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mesh sizes Ax = 0.1, 0.05 and 0.025. In our calculations
of these cases r = 1 is fixed, and the initial time is fixed
to be #;, = 0 and the final time is fixed to be # = 0.2 for
Example 1, and the initial time is fixed to be ¢ = 0.199
and the final time is fixed to be # = 0.2 for Example 2.
The results show that the maximum error is increased with
decreasing mesh size. This property is very interesting and
important, because in the measurement of temperatures we
usually need to use thermocouples, whose number is better
to limit as small as possible.

Comparing with Yeung and Lam [1] by second-order
finite difference approach and with Chang and Chang [4]
by finite volume method, the maximum error of the present
study are much smaller. In contrast to our method, those
methods required more measuring data in order to get
more accurate results. It demonstrates that the proposed
method of LGSM is an accurate and efficient technique
to inverse estimation of heat conductivity.

6. Without knowing boundary values of «
6.1. A forward finite difference

The appearance of o, and o, in Eq. (59) is due to that
we have taken a central difference for o’ in Eq. (5), and in
the previous estimations we have assumed that oy and o,
can be measured. In this case we can obtain highly accurate
results as shown by Examples 1 and 2 in Section 5. Now,
we take a forward finite difference for both &' and 07 /0x
in Eq. (5), and then we have

_ Oit1 — & Ti+1(t) - Ti(t)

T(t) Ax Ax
+“'Ti+l(t)_2Ti(t +Ti—l(t)+h.(t> i=1,....n
, o (1), L.
(76)

Applying the same idea of LGSM on the above equation
we can obtain a closed-form formula to estimate o;:

Ax) (T —T; T
OC,':A( /)\ i B O(,+1+hl—u(Tlf—T?) .
T,—Tia (Ax) n
(77)
The above equation can be sequentially used to find
o,i=mn,...,1 if we know a,,; a priori. Here, o, is the

right-boundary value of o, which is now supposed to be
an unknown value. This point is different from the previous
paper by Liu et al. [12].

FI{/?:)lfnjum errors on estimated heat conductivities for # = 0.2 comparing with other methods: Yeung and Lam [1] and Chang and Chang [4]
Example Ax =0.1 Ax = 0.05 Ax = 0.025
Present [4] 1] Present [4] 1] Present [4] 1]
1 2.4 x 107 0.0292 0.0385 13x 1071 0.0074 0.0099 1.9 x 1071 0.0019 0.0025
2 1.7x 1071 0.0070 0.0073 52%x 1071 0.0017 0.0018 1.3 %1071 0.00042 0.00045
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For a specified r and assuming o, ;, the above equation
yields a sequence of o;. Then we use the one-step GPS to
calculate the data T by using these coefficients o,. The final
data is not immediately coincident with the measured data.
However, we can change the value of o, untill the result-
ing data T If has a minimum discrepancy to the measured
data. That is, we search the value of ¢, by

. f 2
min Z:; T} — Foux)[" (78)
When the searching range of a,,; is gradually refined we
can obtain a very good approximation of the true bound-
ary value of o. For example, we obtain «,,; = 3.99966
for Example 1, of which the true value is 4. In this calcula-
tion the parameters used are » = 1, ¢y = 0.2 and Ax = 0.025.

Fig. 3 displays the numerical results. It can be seen that
these two curves as shown in Fig. 3a of numerical and exact
ones are very close, and the error as shown in Fig. 3b is
smaller than 8.2 x 10>, When we compare this result with
those calculations by Yeung and Lam [1] and Chang and
Chang [4], it is still better about two orders.

Even under a large noise with ¢ = 0.02 the maximum
relative error is about in the order of 6.3 x 1072, of which
the numerical result and numerical error are shown, respec-
tively, in Figs. 3a and b. From this example it can be seen
that our method is also applicable for the case under the
noised disturbance on the measured data. The robustness
of the present method is better than that of Chang and
Chang [4].
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> 8 ———- Numerical with 6=0
2, R Numerical with 6=0.02
=)
o -
c
8 6
"g -
T 5
4 L e L A A LR
0.0 0.2 04 0.6 0.8 1.0
X
b "0E2
. 6=0.02
. ]
S i
(0]
2 10E3
T 3
[0] .
X 4 e
1 o=0
1.0E-4 — T T T
0.0 0.2 04 0.6 0.8 1.0
X

Fig. 3. For example 1: (a) comparing exact and numerical results under
g = 0,0.02 of heat conductivity, and (b) plotting relative errors.

6.2. Example 3

This problem is under the following observed data:
F,,(x) = sin mx exp[sin 7t], (79)
which is obtained from
T(x,t) = sin 7x exp[sin 7z]. (80)

But the identified function a(x) is highly discontinuous and
oscillatory given as follows:

2 x€[0,0.3],
a(x) = { 4 x € (0.3,0.6), (81)
2 +sin(10mx) x € (0.6, 1].

The function A(x, t) is calculated as

{mcos nt + 27*} exp[sin nt] sin x
x€10,0.3],
{mcosnt + 4’} exp|[sin nt] sin 7x
h(x,t) = x € (0.3,0.6),
{mcosnt + (2 + sin 10mx)n? } exp[sin 77] sin 7x
—107? cos mx cos 107x exp|[sin 7/
x€[0.6,1].
(82)
- Exact
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Fig. 4. For example 3: (a) comparing exact and numerical results under
a = 0,0.02 of heat conductivity, and (b) plotting relative errors.
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In this identification of «(x) we have fixed Ax = 1/100 and
te = 0.2. Applying Eq. (77), the solutions of «; are almost
equal to the exact ones with the maximum relative error
3.5x 10™* as shown in Fig. 4. The error is smaller than
the one 0.054 calculated by Keung and Zou [2]. Even under
a large noise with ¢ = 0.02 the maximum relative error is
small in the order of 1073, of which the numerical result
and numerical error are shown, respectively, in Figs. 4a
and b. From this example it can be seen that our method
is also applicable to the estimation of highly discontinuous
and oscillatory parameter. The robustness of the present
method is better than that by Liu et al. [12].

Through these identifications of o(x) in Examples 1-3, it
can be seen that our estimations are rather accurate, no
matter the function «(x) is smooth or non-smooth. The
accuracy and efficiency of our LGSM is much better than
other methods.

6.3. A simple view of Eq. (1)

When a final time measurement of temperatures at #; can
be made as short as possible, the duration of time interval
is very short, and we can rewrite Eq. (1) as an ODE at a
time ¢y by letting

T(x,tr) — T(x,0) 0 oT (x, 1)
A T [oc(x) o ] + h(x, to),
0<x<d, (83)

where ) = 1;/2 = At.
Integrating both the sides of Eq. (83) and leaving a con-
stant C at there, we obtain

[Hen-_TEO ¢
0

2At
OT (x, ¢ X
= o0 T4 [Mhaae, (54)
where we can approximate 07'(x,#)/0x by
0T (x,t0) _ 1[0T(x, %)  OT(x,0) (85)
x 2| ox ox |
Then we have
B 2 YT ) —T(&0)
(x) = [ar(x,zf) _,_af(mo)} {CJF/O 2At de
Ox Ox
- [ el (56)
0

Here C is an unknown, which can be determined by insert-
ing the above o(x) into Eq. (8) and then using a finer time
stepsize, for example, A¢/N, and the fourth-order Runge—
Kutta method to integrate it from =0 to # to obtain
T(x;, tr), among which we can select the best C by taking
the minimum of

n+1

min D AT (i tr) = Fou(x)[. (87)
i=0
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Fig. 5. For example 1: (a) comparing exact and a simple numerical
solution of heat conductivity, and (b) plotting relative error.

In Fig. 5 we plot the numerical results for Example 1 by fix-
ing At = 0.005, #r = 0.01 and N = 10. It can be seen that
these two curves as shown in Fig. 5a of numerical and exact
ones are very close, and the error as shown in Fig. 5b is
smaller than 3 x 107,

7. Conclusions

The LGSM by using central or forward finite difference
and a simple approach by a single ODE have been devel-
oped for the inverse estimation of spatially-dependent heat
conductivity in a one-dimensional rod. A system of linear
equations for the LGSM is constructed by using tempera-
ture data at initial and final times and heat generation at
discrete points. The unknown heat conductivity can be
solved explicitly in matrix form. The advantages of the
present method are that no prior information about the
functional form of heat conductivity is necessary, no initial
guesses and no iterations are required, and the inverse solu-
tion can be efficiently solved in a linear domain. When the
forward difference is employed in the LGSM, the estima-
tion formula could be further written in a closed-form,
which can be sequentially generating the correct heat con-
ductivity coefficients. Its defense to the noised disturbance
is remarkable. The accuracy and robustness of the present
algorithms are confirmed by comparing the estimated
results with exact solutions. It shows that a fairly accurate
estimation can be achieved even under a large measure-
ment error.
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